R N P L e e m_‘,.,._;.;,
: - - ., . ) . P P
;' - .o
. ; ..
- . »

R

~ . DOCUMENT FESUNE

L4

. 188802 . - SE 023 060

nuraon Behr, uerlyn- Anad Others .
TIrLE How Children View Equality Sentences. PMDC Technical
< : Report Noe 3.7
". INSTITUTION Florida State Univ., Tallahassee. Project ‘for ths :
B B Mathematical Development of Children. o
SPONS AGENCY Natlonal Science Foundation, Hachington, D. C. ' g
is. REPORT.NO "' "> PMDCsTR-3 . : . : :
PUB: DATE - {176]. ’ * ‘ _ _ e oA
. GRANT NSF- PES-7Q~18106-A-03’ X ; © '
(,ROTE S __15p.; For related documents, see SE, 023 057-058, SE

"023°061~066, SE 023 068-072

“EDRS PRICE. ~ n?—so 83 HC-$1.67 Plus. Postagen : ‘ SN
DESCPIPTORS ° *Addition; Cognltive“Development' *Educational '
! Research; Elementary 2ducation; *Elemerntary School C
. - - Mathematics; Instructidn; Learning; *Mathematical : ;
Je o ) ' Concepts; Prlmary aducatlon' Symbols (uathematics)
* _IDENTIFIERS *Mathematical Sentences; .*¥Project for uathenatlcal )
= : Devélcpment of Children ‘ '

¥

.
e >

‘ ABSTRACT - —. - - ’ ; :
: Excerpts from 1ntervieus with puplls in grades 1, 2,
3, and 6 to ascertain their interpretitions of mathematical sentences
and symbols are presented. Children were found to consider the egqual
:wzsign-as.an.ope or_symbol _("do something"). and not as a relational

synbol. Impllcatlons for teachlng are briefly dlscussed - (uS)
. /

(¥

. TS

##******4» »********************;***********x*************************«
~ Doculents acquired by, 1='RICI:|.nclude many informal unpubllshed *
saterials not available from other sources. ERIC makes every ef fort *
to obtain the best copy avallable. Nevertheless, items of marginal ¥
reprod ucibility are often encountered and this affects the quality'’
-0f thée microfiche and hardcopy reproiuctiofis ERIC makes available
- via ‘the ERIC Document Reproduction Ssrvice (EDRS). EDRS is not
responsible for the gnality of the oriminal document. Reproductions

© ' % supplied by EDRS are the best that can be made from the original.
****************#******t**********************************************

T EENXE .ii»‘m

*
X
.
X
*
*

Q




. . ' U5, OEPARTMENT OF HEALTH, . -
. - EOUCATION & WELFARE 2

# * -

: nV o & L . . NATIONALINSNYUYEOF F .
PMDC Technical Report : sLTiotEoL.
< - - © THIS DOCUMENT HAS BEEN -REPRO. * . °
. - . . " DUCED-EXACTLY AS 'RECEIVED FROM e
' 0. . N THE PERSON OR ORGANIZATION ORIGIN- -
o - o iy : ATING IT. POINTS OF VIEW OR OPINIDNS :
< STATED DO NOT NECESSARILY REPRE:- | :
- v SENT OFFICIAL NATIONAL INSTITUTE OF -

. ’ ‘ - © 'EDYCATION POSITION.OR POLICY ;

_7,"'_‘ - ’ . M L . ) . . a . :
= . / . ) . - :
3 - - . . "

13 . , ,
i A} - . ' - - - »
¥ y . : . . “PERMISSION: TO REPRUDUCE THIS
i oL : : & "MATERIAL HAS BEENGRANTED-BY: - . - -
R , - ‘ P ) soa et :
- - § B = -
¢ " L]
‘3 o, d . . - N - - oz
o [] N . - . L .
5 LN . v . i -
N . . . ot . x .
: - ) . . ' o TO:THE EDUCATIONAL RESOU SCES :
o ) B @ . .. ’ ) “INFORMATION - CENTER IERIC), AND .
i > . usens OF THE ER|C3YSTEM" o
; . . - g .
R . , . . 4 - o . IR
3 . s B N . .
- - . P - ) "Y
* s oo v * - e N
L » . . - %

RO N . . ,

=) - - < L
B

o . < - i ) . ) . . PR . .
. s y -
PR ° : . - . N . N
% N - ’ - - id 1 ke ’:
Cane < - - - - . .- W s X, . »n w . . R e
e How led:renv . ;
z - - . ! T o P . e ) « - . .
©° ' Equality Senten
. Ligua. enitences . Co

' L :

" Meriyn Behr, Stanley Eriwanger, and Eugene Nichols T

] . ;
i * " -
. . . _ . | \
= . » Y
e
H - b "‘“7;
- . F] . 5
: . ’ LN
h il ~.
- k3
":‘w;a}( LN 3 ¥ .
b . ’
N . A .
K RO N . . M
H : ‘ i e
. . . ! * ’ -
& ) s N
: ¥
N . . . *
- ;~
’_ . ) :
H 2 - -4 M
P i -
9* :
* = »
‘\t .-
k3 * 1 i - *
. t ) . - :
P —_—— [ P — ——— s o s h— . -
QO : > —
A ) . :
L - -
N “ i
ERIC -
o ' / “ * - - I
e A | . o : - - - . - : K
P . . - . i . :

s P e s Ao T - - PR - N - v . L~ . L N L. I ~ L. - - Lo




o ran h
[

2
2
¥
3
H

Poi'txe;h of thxs publication may be reproduced
withou! securing permission from the Project for the
Mathematxcal Development of« Children ’PMDL)

. .

‘Financial .support- for the Project for the Mnthematx-

cal Development of Children has peen proviled by

.the National Science Foundatxon' Grant No, PES 74.
18106. A03

T

Aruitoxt provided by Eic:

~ERIC’

DY




e ,f S A
| i oo .
N -sé} » -

? AR

A - ;:s{'.‘, PN h .2 ¢

J ‘: . . ‘u', 2 Lot e " . g - . ) .

L -~ FOREWORD . -

v ~ . - * X
,. . R . R - . ~

“w & % '

‘e Ed Begle recently remarked that cumcular efforts during the 1960’5 taught us a great deal about how to

L . .teach better- mathematics, “but very - little a,bout how to teach mathematics better. The mathematrcum will, :
O uite likely, agree with . both parts otsthns statement. The ‘layman, the pcrent and the: elementary school ! ?
o teacher, however, questiop. the thesis that the “new math” ‘wes really better than the “old math.” At best the oL

% . ) fruits of the mathematlcs cumculum “revolutlon” were not sweet. Many judge ‘them to'be bitter. T

. o/ o 3
*While somie vxewed the. cumcular changel of the 1960’s to be;‘revolutlonary » others dlsagreed. Thomas, C. t o

’O’Bnen of Southem- Illinola University at- Edwardsv:lle recently wrote, “We have not made-any- fundamentallf
. change in,; school- mathematus "1 He' cites Allendoerfer who suggected thata currlculum which heeds the- ways -
"~ ¢ in.whicli young children leam mathematics is needed.'Sych a ~umculum _wotld be based on-the understanding '
.of, chrldren s thinking and: learning. It’ ls one thing, however, to recognize ¢ fhat 2 conceptual model-for mathe-
matics.curriculum is sound ana, necessary and to ask that the child’s thxnldn’gand learning processes be heeded
.. “it-is:quite another to translate these 1deas‘1nto a cumculum which can be- used effectively. by the- ordlnary

e ' elementary school teacher worlnng in the ordmary elementary school classroom ¥ B .
I A . P ) L
(B Vloreover, to propose that chlldren S thmlong processes. should serve éa basxs for curriculum development ‘ K
o - " is'to presuppose that cumculum ‘makers agree on what the5° processes are. {l‘hls is not the case, but even ll it. ¥ :
H ;“ ‘were,curriculum- makers do nomgree on.the impllcatlons which the unaerstanding of these: Ehlnking processis: <
» . ‘would hnve for currlculum development . . , .

— s i v et e S0 1 e . s
- —- e e i e 1 o

- - [ s

¢ ‘In- the real -world of today 3 elementary school classroom, where not: much hope for drastlc changes for the )
Lo %better can be foreseen, it appears that in order to bmld a reahstlc yets sound basis- for the mathematlcs curricu-- L. .

e lum, chlldrens mathematucal thlnlung must. ke studxed nntemwel, inlthelr usual- school habitat ‘Given an. :
I . opportumty to think freely, children clearly thsplay -certain patterns o{ thought as they deal with ordlnaryf . L
. * _  mathematical situations. encountered daily in their classrooin. A. videotaped record of the outward: mamfesta - N

- tlons of‘a child’s- thinking, umnﬂuenced 'by- any-teaching on the part of the interviewer, provrdes arich source. =
for conjectures as-to what this thinking.is, what mental- structures the child has developed, epd how the chlld: &

. uses these structures wheu deallng with. the ordinary concepts of anthmetic. In addition;an lntenswe analysxs
W of thxs vxdeotape generates some conjectures as to the- posslble sources of: what adults view as. childrens
: X 7“mxsconcept|ons” and about. how the school envxronment (the teacher and the matemls) “flghts" the child’s . . )
-1 ’ ; natural thought processes. L R
© 'l‘he Project for the Mathematlcal Developmient f Children (PMDC)2 set out to create a-more extensive and: -
- . reliable basis on ‘which to build- mathematics curriculum. Accordingly, the emphasls in the first phase’isto.try = . -
: to understand the children’s intellectual pursuits, specifically. their attempts-to acquu'e some basic mathematl- -
ot cal skxlls and.concepts. .os -

“The.PMDC, in its initial phase, works with children in grades 1 and 2, 'l’hese grades seem to comprise’ the
‘ctucial years for the development of .bases for the-future leamlng of mathematus. since ke3 mathematical- i
~.._concepts begin to form at these grade levels. The children’s mathematnml development is studled ‘by rheans of:: N e

5 ) 1. One-to-one,vxdeotaped lntemews subsequently analyzed by‘vanous md;vxduals. ’ o

' 2. Teachiny experiments in which specific variables are observed in- a group- teachhg setting with five to
fourteru chnldren . .. , .

»

o . 3. lnten.sive observations of.children in their regular classroom setting

-

-4. Studies designed to investigate lntensnvely the effect of a particular vam\b‘ or medium on communica-
. -ting mathematics to young chiidren. . . -

v

14Why Teach Mathematics? The Elementary 3chool Journal 73 (Feb, 1973), 258.68..

2PMDC is supported by the National Science Foundation, Grant No. PES 74.18106-A03.




,f ) J 5 Formal tutinc, both group and one-to-one, dosigned to provide further lnsights mto younz children’s -
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In the early elementary school grades, much of the number woxk is oresented to children irr the form of
open number sentences. In learmng thé basic addition facts, for examgle, children are ‘2xpected to respond to
such sentences as 3.+ 4 = =[]. The question of what meaning, if any, symbolic sentences such as these iave to

' children is of concemn in the research discussed in thisarticle. In order for teacners to communloate effectively
. with children and teach in a manner that enhances understanding, they need to know what meaning such

Y
- y -

’ -setences have to chxldrep - . N : .

-

The mathematical symbols which 'c}uldren encounter early in the leaming of arithmetic are +, =, and sach
exprasxons as 3-+ 4, The symbol.= has several meamngs to adults. The most bmc is- probably that it is an
abstractxon of the notion of sameness. This is an intuitive notion of equality which anses Trom-experjence with
szuneness of the numérousness-of-sets of cbjects in- the. real world. This is the notion of equality which we
would hope childxfen would exhxbxt A more sophisficated notion.of . equality, which comes as a result- of
teaching, is that it is an equwalence relotzcn This means that Such statements as 1 = 1, 2,= 2,3 = 3,etc. are
true in- all cases. Similarly, using any whclé -numbers, such stateméiits as if 2-#1 =3, then' 3= + I, are true

_statements. And- finally, such statements as zf 3=2+land2+1%=1+2, then3=1+2 are also true forall |
whoie numbers These are instances of reﬂe“(. ie, symmet'ic and transntxve propertres respective!y.
5 .

In conductxng research of conce;n in this papez, we ralsed questxons 1ike the followrng J
4 H

H
f
i

i

H

i

(1) Must addition sentences be of a certain form in order to be considered true by chrldxen" o J -

. (2) Are the sentences 2+#4=Jand[J=2+4 viewed as havxng the same meamng" ;]
1 >
'We also invéstigated children’s understanding of such sentences as 3 =5 3= 3._ and2+3=3+2.
t- )
Some nnsnght nnto children’s ideas about such sentences was gained through non—structured lndmdual
nntemews with first through sixth fraders. We present a numbér of episodes from some of the ifiterviews,
summiaries of others, and some discussion of children’s' remarks. In-th2 reporting, refarks enclosed inside
brackets describe behaviors on.the part of the interviewer or the child.. A series of six dots (- ... .. )ina
tr nseript- indicates ‘that some statements' have been omitted; tne bracketed [and] iz this same context in-
cates that the statements of the child are joincd and related but a question or comment from the interviewer

y. have intervened.
} - Y . .
FIRST AND SECOND GRADERS' IDEAS ABOUT EQUALITY AND ADDITION
We present several first and second graders’ reactions to questions about the symbols in written addition
sentences of the form a ¥ b =[], where a and b.are small whole numbers. We begin with an nntemew episode

th a first grader K (IQ 1391) apout 2 + 4 =[] . Bis the lntemewer ‘

£

B: You read that {+], will you? What Joes that sign say?2 ’

.

o . . .
K: Plus. o,

B: What does it tell you tc do?

'S

K: Ittells you to add; it tells you to do this [touches 2] and this [touches 4].

1Q reported is from Stanford-Binet short form.

P _———— < e g

o,
R
»
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#+« . -Br O.K.What can you tell me about-that [=] symbol? o ;
- . - ;‘ R ) . . "- - !

: . K: Equal. [and] . that_rpeqns, like.this 2 plus . . pIus this 4.equals 6. There h's to be an equal

- tight there ) T )

' 1

Two other.first graders; who ‘were presented with'sentences of the same form, responded in the followmg

-manner. :C (IQ 108);:when presented with 1 + 3 =[], says “I know what it is,” and-writes 4 in[J: }le réads:

“ plus 3 equals 4. But, .when- questioned-about the meaning of +and-1 + §'he says, “It’s a hardy Idon’t

vknow " He i isunable to say. what = méans. E (IQ 111) when presented with 2 + 4= says that it:means to

-put number.6 in there 0. E accepts 2 and 4 as numbers b 't not 2 + 4 ‘“because you'puta plus there.” When

she i§ aslf.ed about the meaning of +,=,and 2 + 4, she says she, does not know.
- Two- second graders react as. follows M (IQ 136)is ; abie to judge such sentences as 2.+ 3= 5 and;2 + 3 T
TN true or false. He accepts 2 and 4 as being numblers and says that 2 + 4 is.a number because if “you put them
both together, it makes another.number:”” He explains that the + means “‘adding™ and attempts to describe
wh.tt- meaiis by saying: “when two numbers are-added, ‘that’s what it. {answer]-tumns out to be.” D (IQ 128)
is able to- judge sentences like 2 + 3=5and 2+ 3= 7-as true or talse She-says that-2 and 4 are numbers but
about 2+ 4 she say$, “1 dont know, the +- means you add togethet to a number a number’- the = means
“what the\numbers equal up to:” 'I‘hus SN+ 4 7, “the = sign mieans thab what it adds up to. "

All of the chlldren xnteméwed wete able to solve additlon sentences Furthermore, K, a ‘bright first grader,
-and-the second graders accept expressions like 2+4 as rneamngt‘ul but this conﬁguntlon of symbols suggests
‘that- somethmg must be done. Théy do not, for eumple, think.of 2+ 4-as bexng a-name for six. 'l‘he first
graders. C'and -E have-a less mature understanding of +, =, and 2 + 4. 'I‘hey are unable to tell what these  sym-
bols mean "when used either mdmdually or in the context ol a mathematimlpntence -

y .

v

stlmulus calling for an answer'to be placed in the box.

» 4w N
ied
.. |

P ~~HOW CHIL’DREN‘REACT TO SENTENCES QF THE-FORM (l=a +b T

K’s‘vxew of-the sentences, of the form D =a+bis typncal of almost all first and second graders who were
o lntemewed It is expressed in the following brief‘excerpt trorn one mtemew,

" '., - " .

B How do you thlnk you. would read that [D =3+ 4]" N

- - = -

= t= =

Kt ... (pavse)... Blrank ... blank equals 3 plus 45 P N

rd N . . 2
B 0. K.i:What can you say about that, anything?
£ K Itsbackwards' {changes (] = 3+4t04+3=0]..:.... &g )

" ‘. . L e

B:” Supposel mte [writes 3=2+5].

. "K: Now that plus [touches #] has to be right there {touchlng =1; and that equals [touching =] has to be
: nght there {touching +];and I'm trylng to add. up to 5 [K changes O=2+5tc O+ 2=5].
R’ . — et
2 We observe that K reacts to sentences like ] = 4 + 5 in two ways: She says it’s backwards and rewrites it
a8 544 = E] or interchanges the + and = so it becomes [} + 4 =-5. Later in the interview she comments about
__‘5;-,. .- 3 +4'saying, “Sge, you asked the question backwards . . . you £an’t go 7 equals 3 plus 4.” Thus, although

The above observatlons suggest that yhen chxld:en see a statement ake 3+ 4 =[], they percelve itas a

T m T, o { R

.

-]

- K can regd and solve some of these types of sentences, she has definite ideas about how they should be; .

°
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Ad
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A Let's look-at how some other first graders react to sentences of this form. When- C is presented with I
. ) D-1v2,she wﬁtel 3°= 1 + 2 and reads this as “2 pluslequals3"Given [J= 3 +5, E counts on her fin-
- . .gers, writes 8 -3+5andrehds“5plm3equals8"°Given6 4+1, shechangesittos 4+10.'.ayin¢“6 . :
and 4 makes 10 ” But-when she is-asked toread 6= 4+ 10, she says, “I wrote it wrong” and changes the sen- - * A
P tence to 5= '4.+-1 and reads “1. plus_4 equals 5.” Again, when given 3 = 2 +1, she says “You shomd puta 5 -
oz . here i.e, at 11 ... cavse that doesn't equal, that doesn’t make!” But when asked to read it, she says, “Three .
) - (pause) . yeah that'’s .-, . ['was readinz the wrong-way again.” E explains that 2 + 3 4 5 is easier than -

5 2+3 “because lt’s [5 -]“on’thk snde. and Pm used to, having it on that side [- 5]. .-

. Another ﬁrst grader, ° T (IQ 126) reactsto__=2+5 by scnbbling over __=, and he changes —=2+5t0
2 +5=__, He explams that__=2+51s “backwards" and asks the interviewer, “Do you read backwards"” -
7 / - -’
. T . The second graders M and D reactas follows: When M ungenD -3%85, htrwrltec 8 = 3+5:mdreads . '\’
% “8 equals 3 plus 5.” On the other hand, D aiso writes 8 = 3 + 5, but reads it “g plus 3 equals 8.” He shows
consistency in that presented with 5 = 2 + 3, he reads it “2 plus 3 equals 5.” But, given 3 + 5= 8, he readsit
&, - “3plug5equals 8. . A ) . ¥
& : e :
:We obsetve that cnly. the second grader M apcepted a sentence like D 2+ 5. The other chlldren resist .
sentences of this form and change them t6 thé. forms 2+5= D or D+ 2s5: . . TR

- N 1
.

. ’ SENTENCES PRESENT“D ORALLV . .ot

~ V *
) ’ 'S ! So far we have considered children’s reactions. to written sentences _How do they teact wﬁen thes2 sen- - e
’ tences are presented orally? We start agaxn with an interview with K : : N
. . . ’ ' e !

B: . . you'listen to some siater *nts which I read and you tell ine the answer -yeah no, true, false,
whateve,; comes to your mind.5 equals 2 plus 3. ¢ H .,

K: Yeah ... [and] ...’ cause cee, like 2...3, ‘and here’s plus and here’s \wo [writing 3.+ 2 =[]}, and .
_ then lfyou 1, 2, 3, and you add 2. Then,youvegotl 2:3,4,5. Theansweriso [writes 3+ 2= 5]

. -

B: Oh, I see. I’m with you. 1am going to write a sentence, all right? [writes 83+ 5] How about that?
. . 3

, K: But that’s still not equal. That’s the wrong answer. {changes 8 = 3+ 5 to 8 + 3 = 5 by writing +and =
: over the = and + signs, respectively] .. [and] +. . you couldn’t make it be"8 equals 3 plus S bemuse
. : that means that would be tlie answer. Butws at the wrofig end!

) When Eis presented orally with the statement “5 is equal to 2 plus 3," she says, “It’s not right”” and states L
' further, “That {3] should be a 7.” It appears that she perceived “5 is equal to 2Y as 5 +-2; furthermore, she . o
did not accept the orally presented statement “3 is equal to 2 plus 1" and explained; ‘’Cause you put a~1 . sart
_instead ‘of 2 5.” On the other-hand, she did accept the orally presented statement, “2 plus 1 equals 3.” Agam, o
it appears that she. perceived 3=2...a5 342 . .

H
-

* . When we compare K and E, we see that E displays a ‘rigidity of form in both wntten and orally presented .o
" sentences, while K drsplays thxs rigidity only in writtén statements y o . - o

- ;o . S ¢

-“NON-ACTION " :SENTENCES — FIRST AND SECOND GRADERS'IDEAS B

e . ;L
" - 2

The children’s reactlons we have consldered thus far concern se'\tences that differ oniy in the order of the
Cf symbols for example 2 + 3 = 3 and 5= 2 +.3. These sentences. are closer to the form most encountered by .
- children than are such sentences as 3= 3; 3= 5,2+ 1 =1+ 2,and4 +1 =2+ 3. The latter sentences either ) .
have no.plus sign (e.g., 3 = 3), or they have more thar one plus sign (e.g., 2 +1 =1 + 2), These sentencesdo - - A RN
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h B Whatanyou say about that [3'-5]" v

3

‘not suuelt an actlon,.rlther they. requlre 8 judgment about their truth-value, How do children react to such
sentencos" We present first excerpts from an interview with K about 3 = 5 and 3=3,

%

e ~

ey v

.
s -

—K: ’Cross that line out . . . {K writes over = to change 3 = 5 to 3 + 5]. .

- PR K o "

+ ' 'B: .CanIwrite this [3 - 3]"Doeslt makesense"
_K: Nope.. .. [and] . because, how you could fix that by golng like this {changes 3= 3to 0 + 3 3]
'...Oplus3equals3 . . . .
—-  ‘When C_is given the witten statement 3 = 5, he counts on his fingers and writes 3 = 35 He is asked to
. read it and- says “5', . . there’s.no plus,. . . {and] ... that makesiit wrong . {and] ...l put, a plus in the
_middle.” I—le changes 3 85 to 3 += g5 and when asked to read he says, “I’m going to read backwards, 3 plus
.. 5equals 8” and toucﬁes each symbol as he reads'it. e responds:: similuly to 3 =3: “It s wrong beuuse there’s
~no plus” and changes 3 =3 to 3 + = g3. E does not accept 3=5but changes it to 2 + '3=5znd. explains, “You
.put’a ‘plus there and'a 2 there . . . {and] .- 'cause then that mikes. five.” Given.the written statement 3 =3,
*she says, “You should put a'plus here and a...” while she changes 3= 3‘to 0 \*‘\? 3. .
- \_‘\ '
When T is presented wrth the written sentenoe 3= 3 -he s..ys “Now if you had a strdight line like that
-tchanges 3=3%3- 3] it'd-be. “subt:ractly” [it'd’be zero {proceeds to complete 3 323-3= 0] When
- prsented with 3 5 he responds sxnularly, changlng 3=5tc:3-5andthen cornpletee 3 5=0.

“These arezrepresentatwe reactions of first grade children,, These and other. interviews reveal that,when
confronted mth 3 = 5, thev chafge itto 3+ 5=8o0r3-5= 0. When presented with 3 = 3, they change.it | tb_..—-
§ “3,0r3¥3=6,0r3:3=0. “That is, each equahty statement is"trans{orm a'into an additlon or subtrac-

3

uon sentence" . ) . . . .

‘Do sec;nd,gradexs dnsplay -a greater maturity in this context? Let s look atresponses of M and D: When M,
«is presented | with the wntten statement 3 = 3, he says “Yeah, 3 plus 0.does equal 3, the 0 isn’t-there but it’s .
,supposed to*be. there And zero s not thére because zero’s nothmg"’ D explains that 3 = 3 is false because § you
can’t‘add-them {3 and- 3]. She changes 3=3to 3 + 3 = 6. Similarly, 3= 5'is “false ‘. because 3 equals 5is »
vnot true” she changea 3=5 to 3 + 5 wluch is “true because you’can add them.

Thus, both fi xst and second gradp:s reject sentences of the form a=b and modify them to assumv the
foma+b=] or.a - b =[]. The latter form suggests an “action” to be performed, resulting in a sum or

. di’ ference.
1

-7 ‘ 0* - J B
: “NON\ACTION " SENTENCES — THIRD AND SD('TH GI,ZADERS IDEAS

- N x

__It'éan be argued that the perceptions of equality sentences held by first and second graders, discussed

above, are an expected outcome ot the kind of instruction*the children receive. But, "what about third graders
~._.and above? Does the exposure to statements ot‘ commutative and associative properties bitaden the children’s *

conceptot equality? ~ . . \

e Lgt’s examxne the thinking of the'thlrd,grader MA.(IQ i04) When asked what 3 = 3 means, MA says,

-~ “Well I don’t know, but I can ghess. It could be the end -of some addmg or subtnctxng ” When asked if she
would like to fix it up, she writes 3+0=3. . .

Does chlldren S thxnlong change by the time they reach the sixth grade? TA, a sixth grader (IQ 95), when
asked about the meaning of 3= 3, says that this could mean “‘0 minus 3 equals 3" and writes0 -3 = 3. Upon
ffurther questlomng, TA changes 3= 3 to 6-3=3,thento 7- 4 3 which she reads, “7. minus 4 equals 3.”
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) EQUALITYAND MANIPULATIVES . :
: . . = - .~ »
: LT - .iThe aboye reactions of ﬁrst second third and sixth gnders‘mse some doubts about their undentlnding
R Y equality. To_prove the mtter- qLundenunding,'it is helpful to examine symbolic_ tepmenuuons in° the:
g ' cohtext of manipulatives. childfen see the connection between statements like 3 = 3'and real Qbjects? We

o

. present two interview episodes with K. In the final episode, K is sked to eonsider two piles of objects.

, v ‘ ~ 'B: Whatcan youisay about thm two pile_s [5 sticks and 5 l.mm]? ‘ .

-
.
r . .

g . ~ - .
- R . - . (4

'o.s' ) c 7
e > Now look 1, 2 3;and herelsourtvlo [doec 'llll egg

~

o B: What can you say about this pile and this pue [pomtmg at sticks and beins]"

]Weseethatmakess o _Q

<

. ! K: Vou see that pnle [sncks] Ifyou hac 3 and 2, it makes 5, you see here smy 3 [shows 3 fingers]; and

gers] and 2 xmkes 5 (firigers on right hand]. , . 8 K

; 4‘;',_ - —— R . . 'r/x)/—.“ . .
. : . N . ) s N ‘ ': VO _v A
) : What can you tell me}ibout-the’s’eﬁ?iﬁﬁ beans; - 00 ° o °? ]?

- ST e o o, o '

- -

e Ps

So what can you say about these,two piles?

. .
¢ - &

o
‘ SRS . o
K: They both make 5 ... (and] ...yousee,if I went likethis...1,2,3,4,5 [Does © ..1,2,
» » L N °
H ° |,
o -0 B
- o o . . '
3,4,5 {Does o g ... they’re both the same thing.
- ° N ’
°.? .

—

B: Can you use your pen to write something that tells me that tﬁese two piles are the same?
| - : N ’ s N . - «p
K: Yeah, .[uses beans and traces around them to draw sets of.dots: °§§ 92 :. ..(and saysl)]yl')ut you,

-

see they’re still jn the same order.. . . in the-very samie order.
® T * -

~ 7+ B: Sothen what do you need for them to be the same]

)
n
(S

ANE

- B K: Like, there is 1,2, 3, 4, 5 [counting stfcks].»See they are the_game thing; 3-and zv[dqes"':» 2J- ]

- hete s-my 2 [ﬁngexs], and that makes 5 [(‘ngexs ox left hand] And here {beans] you have 3 [ﬁno _

o




. t and here’s a thing of beans
e, - e * . - * N

o 4 . - N

i\

. - b
L4 . -

L= te,
. them.

-
.

.. -

B: Dues anything occur to you that you can_write that tells me that thae two are the <tme" You dnw a
picture. Canyou write somethmg" o

Ri
- -
.

: 32 =0 .’
T LK pause). .. Well, you go libe this’ wr‘ltes [0::0] .

< e -

PR ° .
-
. .

'We observe that K c¢an demonstrate in vanous wzys that “5 things is the snme as b things ** But she does
. not’ ¢ abstract to think'5 equals 5-and does not write 5 = 5. It does not appear that K has madea\relatioushlp
fe - between “is the same as” and “is equal ts.” . © T

To.suggest'more directly an in.erpretatlon of tl'e statements 3 =-3-and:5 = 5, the intemewer asked Kto

.. - use beans. | .

e B: Suppose that I write this [.5 =5].Can yoﬁ show me what that means with beans?

: o, o f e
T ) ’ ) ’ * ° - ‘ [~

K: It means like, there's 5 beans for this numt;er; 1,2,3,4,5 [does :.: 5 = 5| . There’s these beans

o [s=s1

does :4° b ? .Thenyougo 1,2, 3, 4, 5, and thenyou go like thxsl 23, 4 5

0 .

-

go like this . ;) é(\s.e;:_&plafns as she dnws V. ‘ ‘. T, . .
. ¢ K ~ L V . L4 ] = ’ . ’ : $ ) . . \‘
. B: Now can you write some way that tells me thag there’s the Gme number of beans here as here?

K’ y‘éu_ see, if you went ‘:raees lines from bean to bean'in @_@ |. You see; that tatches

o' | -
. ) 'B: If I write that [3 = 3], does tlllaé mean anything to you? . jZJ ZL% i
¥ K: ‘Yeal.l...[ahd] ... you go like this [writes'3 = 3 + 0]. ) T
—Bi—If-I-write-that'[3=3]; an mmmew—;ith beans? Lo -
) "‘ K: Here's S'rour 3 [put.s~beansf ¢ : 1: then'pretend like equals .. . Iam nottgo'ing ;o coupt that equal right
’ . np%,_but' to pretend it's there. Then you got 3 over there [°,,° °:J;and then'you put ycuf plus
.. i right here and then ;)ut your zefo right here wjrite.s imginarir +0 with fingers: ° 9
< I did there, that’s th‘e‘whole’;uestion. ' -

.

» "
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- B: [ertu 3= 3] o. K. Can you; thow me what thatmetns with bems"

- *

. .

. ‘We obum that K is able to match a numeral thh a set’ ot objem and a-set of objects witha numenl. .
. However, it dou ot appear that Kisable to abétract the relational statement 3 = 3 from her awn demonstn-
-tiom of the sameness of two sets of three, Thus, it is not clesr that K is able to “move” back and. forth be-
twccn object: demomtnﬁom and -corresponding. relational statements. Fowevgr. we un.obum trom K'
reaction to manipulaﬁvec a degree of potential for adequate understanding thagis not-evldent fmm her mc-
tich to-written mathematical statements. It does appear that K has a good internalized coneept ot«meneu 8
. it relatés to sets of gbjects. What K appears to rded is a télcher-manipulatédleaming environment which will

'provxde her, with situations which fqrce aneedto tmalate the demonstrations into symbolié sentegm St

. / o ¢ .3
Toe . - 12 . .

e * :g

R AFURTHER.LOOKATEOUALI]’Y R Y

We. remuked earlier that chxldren ,may react in tirious ways to written and onlly given sentences. A first
gnder Cwas- ‘presented’ orally with 3 equals 5-and asked to write:it as it-is read to you. He wrote 3+ 5 =
When- the interviewer stressed'3 ... . equal . .. 5, C-wrote: = 3 and then <5 3; and-then said, “Oops. yow.
forgot the plus” and wrote: = 5.+ 3. When the intetviewer. read-very slowly»io C, 3(equtls 3,C wrote 3 ¥,

-

stopped and said, “I'messed up too. You said equal.”’ He wrote 3 = 3, read “3 equal 3" and suddenly..;‘huh’ <.

that's a tault .+ "czuse that-[=] ain’t supposed to be inthe middle.”
hY
A uxth grader D (IQ 131) had no dxmculty accepting and wﬁting equality statements of the form_ dlscus-
sed above. However, when encountenng fractions, hie revéaled his concept of equaht.y to be in conmst to the-
concept of sameness. In‘this mterview excerpt, N is the interviewer,

—_— s .
N: What about if { have a numbé?lik\e that [writes E] ; what’s that? ’
D: An.imprope‘r fraction. SR - : '
" N: Is'that a whole number? , . N
' h . r ‘ . N ! - . ‘' Ll )
- D: Unless you change it—you can change it into a whole number. N
N: What whole number is that? ' =
D . Three. . ’ ! ,
1 ' & ) N -
* N: Three. if 'd‘ask you: six-halves, is that a ¥hole number, what would you say? ) . N
D: No. ) _
N: Now, .t’s see [writes % = 3]. Is that O. K.? Is that right? * . e )
. . ; ..
D: Yeah. °° i o “ ) _
» - . - .

.

N:. Six halves equals three..'l'his is a'whole number[/p()ints to3in % = 3],-but six.halves is not [boifm. to

6 6 § . ' - R S
. ) n 2 v-,].. . .
D: [Nods his head in agreement.] - ) g o,
. o 1o, T -
£y 3 {v . -
, ’ ~ -o < -

(%3

) ' K: That means that you Fave 3 beans over here [do;s ﬁ N ‘30 ].and that ineans th¥y are equal in <
AR l‘llllﬂ&l’. ’ * . _ IR ,) N i . //‘—:—:::ﬂ-‘:-”:‘_:""




o e ’
i a4

—Now that ldnd of conluses me, to tell youthe truth, because ifthisisa whole number {points to 3 in
) % - 3] and I'think you told me when I wrote something llke thls [writes 3 3] you said this and this
< ~

ot N

e Pt

[polnts to each’ 3 ln 3= 3] are the same.number Now doesn’t: thxs [polnls to %and 3in -Q- " 3] say
that thls is the same numberh-» S .- *

-uh It 1ust says that they are equal to each other, they have the same value; but that doesn’t mean
th?t they-are the same number." .

T

\ -
 boew ’ f . 4 YE i)
We s?e that D dlstinguxshes between the concept of- equahty (the same- value) and the concept of sanm-__

‘ness:; to be equal dou .not mean to be.the" same Thus; to- D, g and .3 aré two dlffetent numbexs, hav:ng the

o y . P

same value Furthennore, 3isa whole number and % is not; it is an improper fractlon Later in the lntervxew

, -
4

e . . ) o

»

o EQUALH‘Y STATEMENTS WI’TH TWO PLUS SIM{ .

," We next exanune chlldren s’ ldeas.about-such st tements a2+ 3 3+2 These are relahonal state;nents ,

-

Kaccept32+3 5and3+2 5say1ng i . -

< ay s

o v i ‘Wy
K Yes, cause see, they’ re:the same. questlon [poumng at the 3’s and 2's in paus} .

.o

B~. Oh Isee All nght now1what about thxs [wntes-2‘+~3- 3+2]

[OURNDURPETEEE ¥ ~ » 7

K: -. ... (pause) . nope [and] ’cause see, ;you wrote two of {he same thxng You didn't . ... you
dldn’t see, you put 2 plus 3 uals 3 plus 2...[then]...you didn't do it nght [K changes 2 + 3 -
\.~3+2t02+3 5and3+2- o =T

. ,,’.T.-’-':'" n

Caannte['—"tal+a 5+IJ° w . . ) .
. [and] . thls should be an answet hght here [does 1 + 5 1 + 5] ;'and right there should be -~
theequal[doesI+5 1+5-] andtheanswer . C . ; -

'l’wo other ﬁrst graders, C and, E, reverted to statements of the same torm as follows ‘When C is presented

: L fl,’,’ii with the wrltten sentence 1+2=2+Lhe changes thxs wt? 2= 3 2 ; ! Hereass ™ 2- 3 2+ 3 s follows i

T

A ‘ plus,2»equals 3” [touchxng the symbols in 1‘+l_2 3 as they are read] and “1 plus 2 equals 3” [touchxng the -

o

2';“'1 as each is read]. First grader E accepts 2 +3=5 and 3 + 2 5, but not 3 + 2 2+3 v
"'_ g “because it[2+ 3] doesn’t have anythxng [and] ‘cause . . . [you] forgot*to put the 5.0 She writes
“+2 "5and2+3 5. ¢ ¢ .

symbols “in~"




"Here are some- of the reactions of second graders. M accepts 3+ 2= 2 +3 “beécause they both have the
. . same numbers. Only 2 plus 3 is backwards.” M sees a difference between 3+2- 2+3and4+1=2+3
. explalmng that “Two four [pecinting at 2 and 4] one three [pomting at 1and 3] doesn't rthyme, There shouldj
be.a 3 here [toucbxng 4] anda2 there [touching 1], or a 2 here [touching 4] and a 3 here [touching 1]. They.
. aresort of equal because they botli equal, both equal 5. They don’t go together; not'made the same ... . [then]
. they~ both equal 5, but they’re not the same.” D does not accept 1 +4=4¥] “because you need a plus
: there =1 » Silmluly, she. does niot accept 3 + 2=2+3 “because you need to change it [-] to plus. » She
vchanges3+2 2+3t03+2+2+3=10.
A third grader M is presented with 3 + 2= 2 + 3-and-asked to read it. She reads, “3 plus 2 equal,” and
ifter a pause, “No, 3 plus 2 equals,” again a lony pause, “2 plus 3.” When asked if that means anything, she
" says, “I don’t know.” When-asked if she could tell- what-this- means to a younger brother- or sister, she holds
her hand over [2 + 3in 3 + 2 = 2 + 3] and says, “You could add these” [‘tracing over 3 +2 -} and then covers. *
3+ 2 ln3+2 2+3andmakesthesameobservatmnabout2+3 ’

‘The essentml observatron to be made here is that these chiidren do not view ‘sentences lxke 2+3= 3 +2a8
* being- sentences about number relationshxps. They do not see thesé as, indioating .the-sameness of sets of
objects. lndeed ‘it appears that the children considered these as:“do something’ sentences. In:most cases the
presence. of a plus-sign. along with two' numenls suggests that. another number is to be found Moreover, in at
- least.the-case of M, xt does appear t that he is concerned about the ‘sameness” of two expressions ina symbolic«
'sense, To him 2+ 3 <3 +2i is 0-K,, because the.two expresslons 2+3and3+2 have the same nurnerals but”
.. _4 +1= 2 +-3is not 0 K. beoause they don’t have the same nurnerals—“'['hey don’t: rhyme w -
‘e Finally, let s observe K’s responses to sentences like 5 +2 =3 +4and how they differ thh the mode of
’ presentahon, oral dr in writing. We present a portlon of an intemew iy
B: Say we have 3 plus-2 ... [writes 3 + 2 -] I'm going to ﬁmsh it like this [wntes 5 + 21- i
. *K: . (pause).. . . right here ’[does S5+2= } should be your answer, in, the box (G). and ¢
- : then this-problem [touc"hes 3+4] shf'frfbido&n here [writes 3 +4 below] [and] . now, when'
. _ you.get.thrs.hox.[i.e 5._2._Q]., goilike this-{writes 3 + 4 = =) E 'i'hen -you put your-answer in-here-
[| e. in the [J’s]. You don’t write another problern (ie., after the = slgn] .

2t

B: So [ understand when-you-see-something-li like-5-+- =3 F 4 [WHHAE 5 + Q- 3 + 4] that you really
.thlnk of that as two problems" IS

. -
<« L

s e T K: Yeah ... [and] ... this problern [5 + 2] makes 7 and this oroblern [3 + 4] makes 7. [K writes
2l - N , 5—+2-3+4-]'.. o, .
) L1 7 .
o .
=~ 7 N : : . r

.Again, as we observed earlier, K has definite ideas about how sentences should be written. -

k]

‘Now let’s observe how K reacts to similar s;taternents given orally.
” B: ... l\low let me ask you again, O. K.? Four plus five equals three plus sjx?
- ' K. Yeahi ‘ T
B: 0. K. Now, when I write [referring to an earlier response] 4 plus 5 equals 3 plus 6 [wntmg 4+45=
3+ 6] you say no. How come when I read it you say yeah; and when [ write it you say no? I'm
*curious. .

K: ’Cause that [pomts after = in4 +5 =3 + 6] should be your answcr. It’s the end, not another prob-
Jern Like if you went mto wntmg you’d go llke this [wntes 4+ 5 9 3+6=9]. -




K accepts onally pmented statements such as 5 plus 2 equals 3 plus-4 more resdily than she does the
con'esponding statements given in written form. A clue as to why she behaves thxs way is found in the explana

tion of wlut she would do with 4 plus 5 equals 3 plus 6 ‘it you went to wnting” She transforms 4 +5=3 + 6 '

'into two statements 4+5= ‘9 and 3 + 6 = 9; then she compares the results of those statements.

RO - .o oty - e e e
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SUMMARY AND IMPLICATIONS ‘ ¢

<)
The question which ongxnslly motivated this-clinical interview study. about children’s understanding of

E warious forms of equality sentences-was whether children consider equality to be an operator or atelation, As

an. operator symbol = would be a “do something slgml " As a- relational symbol ='suggests a comparison of-
‘the  two- members of an-equality sentence. The interview data- presented suggest that children consider the
“symbol = asa “do somethlng signal.” There is a strong tendency among all of the chlldxen to view the =
symbol as_being.acceptable.in.a sentence only when one (or more) operation sxgns (#, -, ete.) precede it. Some
.children, in-fact, tell us that the answer must come- after. the =. We . observe - in-the-children’s béhavior an
extreme ngldity about -written sentences, an insistence-that statements be wnfien 1 a particulu' form,and a
.tendency "to perform actions (e.g., add) rather than to reflect, make judgments, and infer meanings. VIoreover,
it is-important to- observe that there is. no evidence to.suggest thst children-change in ‘their thinlnng about -
equality as they get olderand progress to upper grades;.in fact, the evldenee seems to-be to the eontrary
‘What are the implications of this.information to the teschexs of muthematics? Is the eonception of equal:
rv exmblted by: these ehildren satxsfactory or does it- suggest. deepseated -notions which may (a)- cauise diffi-

. cul“y in- leanung other mathematial eoncepts which' mvolve equations, or (b) be related to’ other, and posslbly

even more- basic concepts" It is possible that the limited and ngxd corcept’ of mequallty that these children
exhibit leads to misun'lerstanding when chlldren deal wnth problems llke 8+T=8%{(___+ ___) etc.-which
-in- many. eunent curricular materials-appear as & prereqmsnte concept for place value work. It is also possible
that-this llrmted concept. of equality interferes wnth the later development of algonthms. Consnder, for exam.”
ple -what sutha sequence as . L
, ' . 41- —ip+
#32=30+2 e -
2 e 70+ '
N < =79 - - re)

frat S : = g

means to a-child whose coneept 8: equality is essentially that o’t;an operator symbol.
' 4
It i§ “also possnble that the ehlldrens concepi of equality as an operator si'mbol rather than a relattonal,
,symbol is symptomatlc of their limited understanding and experience with relational terms in-general, such as
same, more, ‘less, as many as; ete. This brings one very. c.ose to developmental lmgulstie and other considera.
tlom which go beyond the intent of this paper. .

" 1
i h P

The authers. take the.point-of-view: th“at -the-behavior dxsplayed by the$e children represents a very incom-
Plete conception—indeed .a misconception from a mathematlcal point of view—about-a basic concept of
mathematics, Thus, the conclusion that we must attend to the problem of teachmg chzldren a more adequate
Aeoncept of- equahty, and. possxbly relational concepts in general, is inescapable. One must be careful not.to
-conclude that simply making sure that -children are exposed to the various-forms of equality sentences will®
réemove -the - problem. The behaviors uncovered in this mvestigatlon -suggest®a deep-seated mind set which
produces rigid reactions, particularly to written number sentences. Inherent ip this is a more general question
about how children attach meanings to symbols and how they acquire relational concepts
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